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Homogeneous and Isotropic Spacetime in Conformal Scalar-Tensor Gravity
Meir Shimon1
1School of Physics and Astronomy, Tel Aviv University, Tel Aviv 69978, Israel∗
The background field equations for homogeneous and isotropic spacetime are derived in confor-
mal scalar-tensor gravity. The background temporal evolution is entirely driven by the dynamical
evolution of the scalar field, i.e. particle masses, and satisfies an equation which is identical in form
to the Friedmann equation of the standard cosmological model in general relativity. In a static
background spacetime the scalar field (logarithmic) time-derivative replaces the ‘Hubble function’.
It is also shown that linear perturbations are governed by equations which are identical to those
obtained in general relativity, but with their evolution stemming from the scalar field dynamics.
PACS numbers:
I. INTRODUCTION
A non-vacuum homogeneous and isotropic spacetime
is described in general relativity (GR) by the dynamical
Friedmann-Robertson-Walker (FRW), which can be ei-
ther expanding or contracting. In this theoretical frame-
work redshift of light from distant objects is commonly
interpreted as evidence for space expansion.
The main objective of the present work is to demon-
strate that in the framework of a conformal scalar-tensor
gravity [1] temporal evolution of the scalar field in homo-
geneous and isotropic static space can provide a viable
alternative to space expansion: Cosmological redshift in
particular, and cosmic evolution in general, are driven by
the time evolution of the monotonically increasing masses
of fundamental particles.
We work in a mostly-positive metric signature conven-
tion, and adopt units such that ~ = 1 = c. Our theoreti-
cal approach is outlined in section II, and the model de-
scribing a maximally-symmetric static spacetime is pre-
sented in section III, and summarized in section IV.
II. THEORETICAL FRAMEWORK
The theoretical framework adopted here is formally
in the class of generalized Brans-Dicke (BD) theories
where the matter lagrangian explicitly depends on the
scalar field, (as in Bergmann-Wagoner gravity [2, 3]), i.e.
both the effective gravitational ‘constant’ G and parti-
cle masses are spacetime-dependent. Specified to iner-
tial/gravitational phenomena, the action described in [1]
reduces to
ICSM =
∫ [
1
6
|φ|2R+ φ∗µφµ − λ|φ|4
+ LM (φ, φ∗, gµν)]
√−gd4x. (1)
Here, φ and gµν are the scalar and metric fields respec-
tively, λ is a dimensionless self-coupling parameter, the
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ordinary derivative of φ with respect to xµ is denoted
φµ ≡ φ,µ. The lagrangian density of the non-pure-scalar
field sector, LM , is assumed to depend on φ via Yukawa-
like couplings of the form λy,iψ¯φψ + h.c. where λy,i is
the dimensionless Yukawa-like coupling of the i’th parti-
cle species, i.e. particle masses are proportional to |φ|,
in analogy with the standard model of particle physics.
This lagrangian describes gravitational and inertial phe-
nomena [1], indeed the main interest of the current work.
Eq. (1) is conformally-invariant under local re-scaling,
φ→ φΩ−1 and gµν → gµνΩ2, where Ω(x) is an arbitrary
function of spacetime. The action for a pointlike massive
particle Lp ∝ |φ|
√∫
gµν
dxµ
dξ
dxν
dξ dξ is similarly invariant
under this transformation, where ξ is the affine parame-
ter.
Variation of Eq. (1) with respect to gµν and φ
∗ re-
sults in the generalized Einstein equations, and scalar
field equation, respectively,
|φ|2Gνµ
3
= T νM,µ −Θνµ − λδνµ|φ|4 (2)
φR
6
−φ − 2λ|φ|2φ+ ∂LM
∂φ∗
= 0, (3)
and the generalized energy momentum (non-) conserva-
tion then follows, e.g. [4, 5]
T νM,µ;ν = LM,φφµ + LM,φ∗φ∗µ. (4)
The effective energy-momentum tensor Θνµ associated
with the scalar field is
Θνµ =
1
3
δνµ(φ
∗
φ+ φφ∗ − φ∗ρφρ)
+
1
3
(2φ∗µφ
ν + 2φµφ
∗ν − φ∗φνµ − φφ∗νµ ). (5)
Here and throughout, fνµ ≡ (f,µ);ν , with f;µ denoting co-
variant derivatives of f , the covariant Laplacian is f ,
and (TM )µν ≡ − 2√−g
δ(
√−gLM )
δgµν is the energy-momentum
tensor. Eq. (5), which is not independent of (2) & (3),
implies that energy-momentum (of matter alone) is gen-
erally not conserved, which is expected in the case that
Λ or particle masses are spacetime-dependent. Finally,
2combining Eq. (3) with the trace of Eq. (2), we obtain
the following consistency relation
φ∗
∂LM
∂φ∗
+ φ
∂LM
∂φ
= TM . (6)
III. BACKGROUND EQUATIONS AND
LINEAR PERTURBATIONS
We describe the background evolution and the evo-
lution of linear perturbations in a homogeneous and
isotropic static background spacetime and show equiv-
alence with the standard dynamics of the corresponding
FRW solution in GR and its linear perturbations.
A. Evolution of the Background Fields
The background evolution of the scalar field (to which
particle masses are proportional [1]) is described on a
static maximally-symmetric background spacetime. The
Einstein tensor components Gνµ, associated with the met-
ric gµν = diag(−1, 11−Kr2 , r2, r2 sin2 θ), with conformal
rather than cosmic time, areGηη = −3K andGji = −Kδji .
Here, ‘i, j’ indices stand for the spatial coordinates.
The energy-momentum tensor of a perfect fluid is
(TM )
ν
µ = ρM · diag(−1, wM , wM , wM ), where wM =
PM/ρM is the equation of state (EOS) describing a mat-
ter with energy density ρM and pressure PM . In case
that LM = −ρM (i.e., that LM does not explicitly de-
pend on the scalar field derivatives) then it immediately
follows from Eq. (6) that ρM ∝ |φ|1−3wM where wM 6= 0.
The case wM = 0 is treated separately below. As ex-
pected, ρM is a quartic potential in the case wM = −1,
and is independent of |φ|, i.e. of masses, in the case
wM = 1/3. In the special case of nonrelativistic (NR)
fermions (wM = 0) that are described by the Yukawa-
like term implicitly appearing in LM [1], it readily fol-
lows from Eq. (6) in flat and static background metric,
i.e. ρ′M = λy,iψ¯ψφ
′ + h.c. = 12ρM (φ
′/φ+ h.c.) where
ψ¯ψ = constant (since ψ¯ψ is proportional to the number
density of NR fermionic particles in static space), that
ρM ∝ |φ|. Together with the result ρM ∝ |φ|1−3wM for
wM 6= 0 we conclude that ρM ∝ |φ|1−3wM for any wM .
Here, f ′ ≡ ∂f∂η is the derivative of a function f with re-
spect to conformal time η.
In the following we consider a real scalar field, i.e. φ =
|φ|eiθ, with θ = 0, and for notational simplicity we denote
the scalar field modulus φ where it is clear that φ > 0. In
the full cosmological model [6] we relax this and indeed
show that the phase θ plays a crucial role. Using ρM ∝
φ1−3wM Eqs. (3) become
Q2 +K = ρM
φ2
(7)
2Q′ +Q2 +K = −3wMρM
φ2
, (8)
where we used Q ≡ φ′/φ. In comparison, the stan-
dard Friedmann equation reads H2 + K = a2(η)ρM
in conformal time coordinates where a(η) is the scale
factor (rescaled by a factor
√
8piG
3 ), H ≡ a′/a, and
ρM ∝ a−3(1+wM ), i.e. the right hand side of the Fried-
mann equation is ∝ a−1−3wM .
This is analogous to the term ρM/φ
2 ∝ φ−1−3wM ap-
pearing on the right hand side of Eq. (7) when a(η) is
replaced with φ(η), i.e. H is replaced by Q throughout.
Consequently, Eqs. (7) & (8) are identical in form to
the Friedmann equations in conformal time coordinates.
In other words, the relation between η and the energy-
density, i.e. the distance-redshift relation, is unchanged
compared to standard cosmology. We thus obtained an
equivalent description to that of the standard cosmolog-
ical model in conformal scalar-tensor gravity, at least at
the background level.
The energy-momentum tensor of matter itself is known
to be generally non-conserved in scalar-tensor theories of
gravity, as is indeed evident from Eq. (4). By virtue
of the formal equivalence to the Friedmann equation in
the standard cosmological model, the conserved quantity
in the homogeneous and isotropic background is ρM/φ
4.
Another way to see this is to consider the continuity equa-
tion, which reads ρ′M + 3(1 + wM )HρM = 0 in FRW
spacetimes. The analogous (non-) conservation equation
in a static background model is Eq. (4), which yields(
ρM
φ4
)′
+ 3(1 + wM )Q
(
ρM
φ4
)
= 0, and ρM ∝ φ1−3wM
is recovered. This is analogous to the relation obtained
from the Friedmann equation, φ(η) ∝ η2/(1+3wM ).
In the redshifting universe φ is a monotonically in-
creasing function of conformal time for any wM > −1/3.
Thus, unlike in the standard FRW spacetime, the ob-
served cosmological redshift is not due to stretching of
photon wavelengths in an expanding background, but
rather due to evolving particle masses, e.g., due to
the evolving Rydberg ‘constant’ on a static background
space. What is normally considered a static object in
standard cosmology, e.g. a galaxy, star, etc., is re-
placed in the present work by a stationary solution.
More specifically, Weyl transformation is applied to any
static solution φ(r) & gµν(r) with Ω(η) ∝ η−2/(1+3wM )
so as to guarantee that particle masses transform con-
tinuously between the background and objects residing
in it, e.g. galaxies, stars, etc, exactly as (fixed) masses
(trivially) transform continuously in standard cosmology
between expanding background space and compact ob-
jects; mass is fixed in standard cosmology by construc-
tion. Thus, the ratio between inertial and metric length
scales, φ−1/√gµν , is still static. From this perspective,
observers in shrinking galaxies and stars residing in a
static background would observe a redshifting universe.
3B. Linear Perturbation Theory
As in section III.A, we assume an effective single fluid
with matter density ρM and a (generally time-dependent)
wM = wM (η). In the following we show that the pecu-
liar velocity of matter, v, and the effective α, ϕ, δρM , and
δPM , evolve in the same fashion as in standard cosmology.
Here, ϕ and α are the Newtonian and curvature gravi-
tational potentials, respectively, appearing in the per-
turbed FRW line element ds2 = φ2[−(1 + 2α)dη2 + (1 +
2ϕ)γijdx
idxj ] where γij ≡ diag[1/(1−Kr2), r2, r2 sin2 θ],
and Latin indices here run over space coordinates. The
energy density and pressure perturbations in energy den-
sity units are δρM ≡ δρM/ρM and δPM ≡ δPM/ρM ,
respectively. The anisotropic stress is also redefined,
pi(s) → φ4pi(s).
Next we write down the dynamical equations governing
the evolution of metric and matter perturbations in the
shear-free gauge. The linear order scalar perturbation
equations are summarized in [4]. Defining the ‘shifted’
quantities α → α − δφ, ϕ → ϕ − δφ, δρM → δρM + 4δφ
and δPM → δPM + 4δφ, where δφ ≡ δφ/φ, we obtain for
the Arnowitt-Deser-Misner (ADM) energy (time-time),
momentum (time-space), and propagation (space-space)
components, (Eqs. 38, 40 & 41 of [4], respectively)
(k2/3−K)ϕ−Q2α+Qϕ′ = 1
2
(Q2 +K)δρM (9)
−ϕ′ +Qα = 3(1 + wM )
2
(Q2 +K)u (10)
α+ ϕ = −3pi(s)/k2, (11)
where we defined u ≡ v/k. Combining Eqs. (43) & (44)
of [4] we obtain that δPM = wMδρM . The perturbed
Raychaudhuri equation (Eq. 42 of [4]) is given by
−ϕ′′ +Q(α′ − ϕ′) + (2Q′ − k2/3)α
=
1
2
(Q2 +K)(1 + 3wM )δρM . (12)
Finally, the continuity and Euler equations (Eq. 48 & 49
of [4], respectively) are,
δ′ρM + (1 + wM )(3ϕ
′ + k2u) = 0 (13)
u′ + (1− 3wM )Qu+ w
′
Mu
1 + wM
= α+
wMδρM
1 + wM
− 2
3
(
1− 3K/k2
1 + wM
)
pi(s)
ρM
. (14)
Eqs. (9)-(14) summarize our linear perturbation equa-
tions. We note that this system of six equations (not all
are independent) governs the evolution of ϕ, α, v, and
δρM . Much like with the background equations, Eqs. (7)
& (8), the standard linear perturbation equations (ob-
tained by setting φ =
√
3
8piG = constant and δφ = 0 in
Eqs. 38, 40, 41, 43, 44, 48 & 49 in [4]) can be recov-
ered by making the replacement Q → H, α → α + δφ,
ϕ → ϕ + δφ, δρM → δρM − 4δφ and δPM → δPM − 4δφ.
We thus see not only that the background field equations
obtained in the framework described by Eq. (1) and ap-
plied to a maximally-symmetric spacetime are equivalent
to the FRW dynamics of standard cosmology, but also
their perturbations are. This establishes the equivalence
between the two approaches.
Vector and tensor perturbations are described by Eqs.
(53)-(55) and (58) of [4], respectively, and the equiva-
lence between the models is straightforward to show in
this case, provided that a → φ and ρM → ρM/φ4 and
pi(v),(t) → pi(v),(t)/φ4, where pi(v) and pi(t) are the stresses
associated with vector and tensor mode perturbations,
respectively.
The Newtonian limit of Conformal scalar-tensor Grav-
ity is obtained from Eqs. (9)-(14) by setting Q, K, and
wM to 0. In particular, Eqs. (9), (13) & (14) are the
Poisson, continuity, and Euler equations, respectively.
IV. SUMMARY
The background field equations and their linear per-
turbations in maximally-symmetric spacetimes are de-
scribed within the framework of conformal scalar-tensor
gravity, and are found to be equivalent in form to the
Friedmann equation and linear perturbation equations
as obtained in the standard cosmological model. The
only difference between the two formulations is that in
the former Q = φ′/φ replaces H = a′/a of the latter, and
shifted perturbation quantities involving fractional per-
turbations of the scalar field replace the standard pertur-
bation quantities. In particular, this implies that space
expansion is replaced by the scalar field evolution (i.e.
mass evolution of fundamental particles) on a maximally-
symmetric static background spacetime. We emphasize
that G, the hallmark of gravity, is absent from the back-
ground field equations Eqs. (7)-(8). This is consistent
with the fact that the background spacetime is character-
ized by a vanishing Weyl tensor and thus the background
evolution on cosmological scales is an inertial rather than
gravitational phenomenon [1].
Our reformulation of the background field equations
and linear perturbations reproduces the standard results
for the observables associated with cosmic evolution, e.g.
cosmological redshift, cosmological distances, linear met-
ric perturbations; likewise, the evolution of gravitation-
ally bound objects (dubbed ‘halos’ in the cosmological
context), is identical to that of standard cosmology, but
on a static rather than evolving background space (and
with evolving particle masses). Allowing for particle
masses to evolve generally results in energy-momentum
non-conservation, yet we reproduce the continuity equa-
tion and its perturbation (Eq. 14) for the rescaled energy
density ρM/φ
4. In particular, the observed cosmological
redshift is explained on a static background spacetime
(with non-evolving wavelength) by evolving masses, i.e.
Rydberg ‘constant’. The initial curvature singularity af-
4flicting the standard expanding FRW spacetime at η = 0
is replaced by vanishing particle masses at that time.
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